. Fano fibrations arise naturally in the birational classification of algebraic varieties. We show that these morphisms always induce a semiorthogonal decomposition on the derived category of the fibred space, extending classic results such as Orlov's projective bundle formula to the non-flat and singular case.
I
Motivation. Let X be a smooth proper variety over an algebraically closed field k of characteristic zero. Suppose that we are interested in computing the bounded derived category of coherent sheaves on X . The Minimal Model Program allows us to understand X in terms of a sequence of birational transformations and a simpler kind of varieties, which we will refer to as "building blocks". If we knew how the derived categories of these building blocks look like and how these birational transformations affect the derived category, then we could compute the derived category of X .
One of the building blocks of algebraic varieties are Fano varieties, which are the absolute case of Fano fibrations. Among them, the first example are projective spaces. Beȋlinson established in [Beȋ78] the existence of a semiorthogonal decomposition
Roughly speaking, this means that the smallest triangulated subcategory of D b (P n ) containing all the subcategories in the decomposition is D b (P n ) itself and that there are no non-zero morphisms in the derived category from a complex on the right to a complex on the left, cf. Definition 2. This result was generalised by Orlov to projective bundles in [Orl92] . In the same paper he also proves his blow-up formula, yielding a derived categorical understanding of one of the key morphisms appearing on the Minimal Model Program.
Beȋlinson's semiorthogonal decomposition was later on extended to smooth Fano varieties, see for example [Kuz09] . As pointed out by several authors, this generalisation can be extended to the relative case of flat Fano fibrations between smooth projective varieties, see for example [AB17, Proposition 2.3.6].
Our aim is to further extend this result to the case of Fano fibrations in which the total space is klt, removing both the smoothness and the flatness assumptions from [AB17, Proposition 2.3.6]. This generalisation is necessary from the point of view of the Minimal Model Program, since singularities appear naturally throughout the process.
Calabi-Yau fibrations are also basic building blocks in the Minimal Model Program. The semiorthogonal decomposition on Fano fibrations will be induced by certain relative exceptional objects, see Definition 5. In Proposition 13 we show that Calabi-Yau fibrations do not have any such objects.
Theorem 1. Let f : X → Y be a Fano fibration of proper varieties over an algebraically closed field k of characteristic zero. Let r > 0 be the relative index of this Fano fibration and let L be the line bundle on X corresopnding to a divisor H with −K X ≡ f rH . The unbounded derived category of quasi-coherent sheaves on X admits a semiorthogonal decomposition
where D(Y ) ⊠ L ⊗i denotes the essential image of the functor Lf * (−) ⊗ L ⊗i and
. Moreover, if X and Y are smooth or if f is flat, then we obtain the analogous statement between the bounded derived categories of coherent sheaves.
For the relevant definitions in the statement of Theorem 1, see Section 3.
Notation and conventions. We will follow the notation and conventions in [Har77] , [KM98] and [Nee01] . We will always work over an algebraically closed field k of characteristic zero. The right (resp. left) derived functor of a functor F will be denoted by RF (resp. LF ), and its p th -higher derived functor by R p F (resp. L p F ).
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C
Before we prove Theorem 1, let us introduce the category-theoretical language and tools that we need. This section follows [Kuz16, §3.1] closely, generalising only certain statements to the unbounded setting.
Definition 2 (Semiorthogonal decomposition). Let T be a triangulated category. We say that an ordered collection A 1 , . . . , A m ⊆ T of strictly full triangulated subcategories is semiorthogonal if for all i < j and all A i ∈ A i and A j ∈ A j we have Hom(A j ,
For such a semiorthogonal collection, let A 1 , A 2 denote the full subcategory of all A ∈ T for which we can find a distinguished triangle
and A 2 ∈ A 2 , which is a strictly full triangulated subcategory. Let then A 1 , . . . , A m denote . . . A 1 , A 2 , A 3 , . . . , A m , which is the smallest strictly full triangulated subcategory of T containing all the A i . If T = A 1 , . . . , A m , then we say that the A 1 , . . . , A m form a semiorthogonal decomposition of T.
The key result that we will use to find semiorthogonal decompositions is the following:
Lemma 3 ([Kuz16, Lemma 2.3]). Let F : T → S be a triangulated functor between triangulated categories and assume there exists a right adjoint F ⊣ G such that id T G • F . Then F is fully faithful and there is a semiorthogonal decomposition
where Im(F ) denotes the essential image of F and Ker(G) denotes the full subcategory of all objects A ∈ T such that F (A) 0.
The adjunction that we will use to obtain semiorthogonal decompositions with Lemma 3 is the following:
Lemma 4. Let f : X → Y be a morphism of separated schemes of finite type over an algebraically closed field k of characteristic zero and let D(X ) and D(Y ) denote the unbounded derived categories of quasi-coherent sheaves on X and on Y respectively. Let E • be a complex in D(X ). Then we have an adjunction
between D(X ) and D(Y ).
Proof. 
Then by Lemma 6 we can apply Lemma 3 inductively to conclude that there is a semiorthogonal decomposition
Remark 8. If X and Y are smooth projective varieties, then we can replace D(X ) and D(Y ) by the bounded derived categories of coherent sheaves D b (X ) and D b (Y ) in Lemma 4, Definition 5, Lemma 6 and Corollary 7 without modifying anything else.
F
Let us start by fixing the definitions and notation needed for Theorem 1. 
From Equation (5) we see that it suffices to show that R f * E = 0, where E denotes L ⊗i −j . So let us check that this is the case. In degrees p > 0, we can again apply the Kawamata-Viehweg vanishing in [Kol97, Theorem 2.17.3] to deduce that R p f * E = 0, because r + (i − j) r − ⌈r − 1⌉ > 0, so
To show the vanishing in degree p = 0, consider a dense open subset V ⊆ Y over which f is flat with normal fibres, which exists by [Gro65, Theorem 6.9.1] and [ 
We find that every section of f * E is torsion, meaning that it maps to zero in the stalk at the generic point of Y . But f * E is torsion-free by [Gro60, Proposition 7.4 .5], so we conclude that f * E = R 0 f * E = 0.
Remark 12. In the situation of Theorem 1, if we assume further that X and Y are smooth or that f is flat, then we obtain the analogous result for the bounded derived categories of coherent sheaves. Indeed, we may replace D(X ) and D(Y ) by D b (X ) and D b (Y ) already from the previous section onwards without making any modification in the arguments.
C -Y
It is a classic result by Bridgeland that the derived category of a smooth projective variety is orthogonally indecomposable [Bri99, Example 3.2]. In particular, Serre duality implies that the derived category of a smooth projective Calabi-Yau variety is semiorthogonally indecomposable. One could ask whether a similar result holds for Calabi-Yau fibrations, which for our purposes we may define as morphisms of smooth projective varieties with connected positive dimensional fibres in which the canonical divisor K X restricts to the trivial divisor on a general fibre.
A way to generalise the semiorthogonal indecomposability of smooth projective Calabi-Yau varieties to Calabi-Yau fibrations is to compare them with Fano fibrations. The semiorthogonal decomposition on Fano fibrations was induced by relative exceptional objects. In contrast, in the case of Calabi-Yau fibrations, there are no relative exceptional objects.
Proposition 13. Let f : X → Y be a Calabi-Yau fibration between smooth projective varieties. Then there are no f -exceptional objects in D b (X ). 
We may assume that E • is a bounded complex of locally free sheaves of finite rank, hence the same is true about i * E • and we may apply [Lip09, Proposition 4.6.7] again to the closed 
